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Abstract
We proposed a method for numerically solving the problem of flow distribution in hydraulic circuits with lumped parameters
for the case of random closing relations. The conventional and unconventional types of relations for the laws of isothermal steady
fluid flow through the individual hydraulic circuit components are studied. The unconventional relations are presented by those
given implicitly by the flow rate and dependent on the pressure of the working fluid. In addition to the unconventional relations, the
formal conditions of applicability were introduced. These conditions provide a unique solution to the flow distribution problem. A
new modified nodal pressure method is suggested. The method is more versatile in terms of the closing relation form as compared
to the unmodified one, and has lower computational costs as compared to the known technique of double-loop iteration. The paper
presents an analysis of the new method and its algorithm, gives a calculated example of a gas transportation network, and its results.
Copyright © 2015, St. Petersburg Polytechnic University. Production and hosting by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Piping systems in heat, water, oil and gas supply sec-
tors are a wide array of structures that differ in purpose,
scale, construction principles and operating conditions.
Effectively solving the problems of managing their de-
velopment and functioning is of key social and economic
importance and is closely connected to using the modern
methods of mathematical and computer modeling.
A unique complex of methods of mathematical mod-
eling, simulation and enhancement that are potentially∗ Corresponding author.
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(Peer review under responsibility of St. Petersburg Polytechnic University).applicable to various types of pipeline systems has been
developed by the researchers of the Melentiev Energy
Systems Institute as a part of the Institute’s studies in the
theory of hydraulic circuits [1–3]. However, as ready-
to-use software simulation packages are designed, many
of them are essentially the same, and inevitably require
much time and resources to be adapted for practical use.
We suggest two interconnected approaches to solve
these problems:
(i) starting to use the concept of object-oriented pip-
ing systems modeling [4,5], which allows to sep-
arate the software components implementing the
general calculation methods from those related to
the specifics of pipeline systems or the particular
tasks at hand.
ion and hosting by Elsevier B.V. This is an open access article under
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x is a mass rate of this flow.(ii) developing the methods of hydraulic circuit theory
that focus on this particular concept.
This way, the once-implemented general methods of
hydraulic circuit theory may be used repeatedly in var-
ious software packages, simulation components may be
developed without having to reprogram and, ultimately,
the integration of methods of hydraulic circuit theory
for solving various piping systems problems and appli-
cations may be hastened.
In view of the above-described concept we strive to
propose a way of unifying the calculation methods for
flow distribution in hydraulic circuits (HC) with lumped
parameters to ensure the independence of the calculation
methods from the types of relations for the laws of fluid
flow in individual piping elements.
The following types of results are discussed:
structurization of the main types of closing relations
(flow laws) for HC elements;
algorithmization of a new procedure for calculating
flow distribution in HCs for random closing rela-
tions;
numerical analysis of the efficiency of the new pro-
cedure.
2. The traditional model and the flow distribution
problem
The traditional model of steady isothermal flow dis-
tribution in a HC includes Kirchhoff’s laws and closing
relations:
Ax = Q, AT P = y, y = f (x), (1)
where A is a [(m − 1) × n] incidence matrix of nodes and
branches of the pattern of calculation with the elements
a ji = 1(−1), if j is the start (or end) node for branch i and
a ji = 0, if branch i is not incident to node j; x, y are the n-
dimensional vectors of flow rates and pressure drops on
the branches of the pattern of calculation; f(x) is the n-
dimensional vector function with elements fi(xi), i =
1, n accounting for the dependences of pressure drop
on flow rate (flow laws) on HC branches; Q is the (m –
1)-dimensional nodal-flow-rate vector with the elements
Qj > 0 for inflow to the node j, Qj < 0 for bleed-off in
the node j, and Qj = 0, if the node j is a simple point
connecting the branches; P is the (m − 1)-dimensional
nodal pressure vector.
The problem is finding the vectors x, y, P for the given
matrix A, vector Q, the given form of fi(xi) for i = 1, n
and the given pressure Pm in one of the nodes; we set Pm
equal to zero for simplicity.Numerous methods and algorithms have been pro-
posed for solving this problem, with the most basic ones,
as demonstrated in monograph [1], being the contour
flow-rate and the nodal pressure methods. Both are based
on the Newton method but with a preliminary depression
of the linearized systems of Eq. (1).
Then, the classical nodal pressure method (PM) [1]
involves searching for a solution of (1) in the space of
nodal pressures and is reduced to organizing the process
as
Pk+1 = Pk + Pk,
where for each kth iteration the correction Pk is ob-
tained from the solutions of the system
A
( f ′x)−1AT Pk = −uk1,
where uk1 = Axk − Q; xk = ψ(yk ); yk = AT Pk; f ′x is the
diagonal matrix of partial derivatives ∂ fi/∂xi, i = 1, n,
in a point xk; ψ is the vector function inverse to f with
the elements ψi(yi).
It is evident from this that the PM calculation pat-
tern does not depend on the form of functions fi(xi) that
must only be monotonically increasing to ensure that the
problem of flow distribution has a single solution [1]. The
nuances of PM implementation, however, are closely re-
lated to the specific form that fi(xi) and, respectively,
∂ fi/∂xi and ψi(yi) take.
For the conventional case,
fi(xi) = sixi|xi| − Yi,
where si is a hydraulic resistance of the branch, Yi > 0
is a pressure increment on the active branches (e.g., with
pump stations) and Yi = 0 is the pressure increment on
the passive branches (e.g., for pipeline sections).
Here we have the explicit expressions
∂ fi/∂xi = 2si|xi|,
ψi(yi) =
√
|yi + Yi|/si · sign(yi + Yi).
Below we discuss the two main cases of the unconven-
tional closing relations, starting with the case of implicit
functions ψi(yi).
3. Flow-rate-implicit closing relations
To illustrate the reasons for the variety of closing re-
lations let us consider the well-known Darcy–Weisbach
formula [6] for pressure head loss in a pipeline:
h = λ(V ) l
d
V 2
2g
,
where d, l are a diameter and a length of the pipeline; g
is the free fall acceleration, V = V (x) is fluid flow rate,
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Table 1
Formulae and their derivatives for the hydraulic resistance factor.
Formula λ λ′V
Shifrinson [7] 0.11( ked )0.25 0
Prandtl – Nikuradse [8, 9] (1.14 + 2 lg dke )−2 0
Colebrook–White [6] [−2 lg( ke3.7d + 2,51Re(V )√λ )]
−2 − 10.04λ
V [( keV3.7ν + 2.51√λ ) ln(10)+5.02]
Altschul [6, 8] 0.11( ked + 68Re(V ) )0.25 −1.87( ked + 68ν|V |d )−0.75 νd|V |V
Shevelev [10] A1( A0d + CV d )m − A1mC(A0V +C)1−mdmV 1+m
Notations: ke is the equivalent roughness coefficient; A0, A1, C, m are the coefficients depending on the pipe
material and flow conditions.
VHere the hydraulic resistance factor λ depends on the
Reynolds number Re(V ) = V d/ν, where ν is the kine-
matic viscosity that is assumed to be constant for isother-
mal fluid flow.
There is also a plethora of formulas to calculate λ that
account for the the pipeline purpose, type, inner coating
material, service life, fluid flow conditions (laminar, tran-
sitional, turbulent), etc. Some examples of the formulae
for the λ factor and its rate derivatives commonly used
in Russia and abroad are listed in Table 1.
Pressure head loss in local resistances is determined
by the Weisbach formula [6]:
h = ζ
2g
V 2,
where approximating functions may be required to deter-
mine the local resistance coefficient ζ when regulating
elements are present. For example, the following func-
tion is suitable for the case with a sluice valve:
ζ = a(1 − r)−C − b,
where r is the degree of valve closure; a, b, c are the
parameters obtained by approximating (including piece-
wise) the relationship set in the table.
Summarizing the cases when local resistances (in-
cluding the regulated ones) exist in a pipeline of any
type, it follows for the ith passive HC branch that
fi(xi) = si(xi)|xi|xi, (2)
where
si(xi) =
(
λi(xi) + ζi
di
li
)
8li
ρπ2d5i
is the branch resistance because
i = 4|xi|/(πd2i ρ), yi = ρghi;
here ρ is the density of the transported fluid; ζi is the
sum of the local resistance coefficients.
Also,
f ′x,i =
d fi
dxi
= (2si + s′x,ixi)|xi|,where
s′x,i = dsidxi =
dsi
dλi
dVi
dxi
dλi
dVi
,
dsi
dλi
= 8li
ρπ2d5i
,
dVi
dxi
= 4
πd2i ρ
.
Thus, to obtain f ′x,i for a pipeline of any type and
purpose, it is enough to specify λ′V,i (see Table 1).
The hydraulic characteristics of the active branches
are, in general, defined by algebraic polynomials of the
form
fi(xi) =
Ki∑
q=0
aq,i|xi|(b q,i−1)xi,
when
f ′x,i =
Ki∑
q=0
(bq,i − 1)aq,i|xi|(b q,i−2).
However, they may differ in exponents bq,i, in the
number of Ki and in the composition of terms (for the
mandatory assignment of aq,i = 0 for some q). A piece-
wise approximation of a single characteristic by different
polynomials may also be applied.
Previously cases of type (2) were attributed to the HC
class with variable parameters for which the procedure
of double-loop iterations [1] was applied to calculate the
flow distribution. By this procedure, the functions si (xi)
are recalculated in the outer loop, and the basic nodal
pressure or loop flow methods are used in the inner loop
for the fixed si values.
The above-described technique for the derivatives
of flow-rate-implicit yi = fi(xi) relationships allows to
avoid the outer iteration loop, which drastically reduces
the computational costs [4].
The flow rate xki may be iteratively calculated from the
given pressure difference yki for type (2) implicit func-
tions, for example with the methods of simple iteration,
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Fig. 1. Illustration of the convergence process for different methods:
1 – simple iteration, 2 – Newton’s, 3 – combined.where
xt+1i =
√
|yki |
s(xti )
· sign(yki ),
or Newton’s method, according to which
xt+1i = xti +
uti
( f ′x,i)t
,
where k is an index of an iteration for calculating the flow
distribution, t is an index of an iteration for searching for
xki , u
t
i = yki − fi(xti ) is a residual. For t = 0 it is assumed
that xti := xk−1i .
Newton’s method is known to converge fast for
a ‘good’ initial approximation. The simple iteration
method, on the contrary, has a higher convergence
rate away from the solution. Therefore, the method
that combines applying the simple iteration method
once before the Newton method has proved to be
effective.
Fig. 1 illustrates the convergence processes of the
three suggested options for a pipeline with yki = 5.3085 m
H2O, d = 300 mm, l = 1 000 m; the λ factor was found
using the Shevelev formula for new steel pipes (A1=
0.0159; A0= 1; C = 0.684; m = 0.226), at the initial ap-
proximation x0i = 800 kg/s and the solution xki = 71 kg/s.
It is apparent that using the combined method allows a
considerable gain, while the solution with the acceptable
accuracy (uti < 10–4m H2O) was obtained in only three
iterations.
Therefore, for implicit functions ψi(yi), the PM
calculation pattern remains unaltered, except for
applying special procedures when calculating f ′k
and xk .4. Pressure-dependent closing relations
Sometimes it is impossible to reduce the hydraulic
characteristics of pipeline system elements to the tra-
ditional form y = f (x). For example, a certified spec-
ification of a gas pumping unit (GPU) connects the
pressure ratio (the compression degree) ε = pF/pL
rather than the pressure difference with the flow vol-
ume (pF , pL are the pressures before and after the
GPU). The simplest analytical form of this characteristic
[11] is
ϕ(pF , pL, x) = β0 pF |pF | + pL|pL| − β2x|x| = 0, (3)
where βt are the coefficients obtained by the ε2(x) ap-
proximation of the GPU certified performance data; x is
a capacity regarded here as an input condition.
Other types of ε(x) or ε2(x) functions for GPUs
are described in literature; these are obtained for vari-
ous powers of approximating polynomials. For example,
Ref. [12] suggests the following function
ϕ(pF , pL, x) =
(
β0 + β
2
1
4β2
)
pF |pF | − pL|pL|
−β2
(
x − β1
2β2
pF
)∣∣∣∣x − β12β2 pF
∣∣∣∣ = 0.
(4)
The functions
ϕ(pF , pL, x) = pLpF − α0 −
α1
pF
x − α2
pF |pF |x|x| = 0,
(5)
ϕ(pF , pL, x) = β0 pF |pF | − pL|pL|
−β1|pF |x − β2x|x| = 0, (6)
were also examined throughout the study, where αt are
the coefficients of the approximating polynomials for
ε(x).
To generalize the examined cases of the hydraulic
characteristics (including the conventional and the flow-
rate-implicit), let us introduce a closing relation of the
following functional form:
ϕ(pF , pL, x) = 0. (7)
where pF , pL are the n-dimensional pressure vectors, re-
spectively, at the start and at the end of the HC branches.
Indeed, as y = pF − pL, then instead of y = f (x), we
have
pF − pL − f (x) = ϕ(pF , pL, x) = 0.
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Fig. 2. Curves of the conventional closing relations for the passive (1) and active (2) branches in the x, y (a), x, pF (b), and x, pL (c) coordinates.
Fig. 3. Plots of pressures at GPU input (a) and output (b) versus flow rate, the functions being expressed by various formulae:
1 – by Eq.; 2 – by Eq. (1); 3 – by Eq. (2); 4 – by Eq. (3).Fig. 2, а shows some examples of classical closing
relations
y = sx|x|, y = sx|x| − Y
in x, y coordinates. As previously stated, in order to se-
cure a single solution of the flow distribution problem it
is necessary to satisfy the requirement of monotonicity
of the closing relations [1], which may be extended to the
reviewed case (7) by representing the classical relations
in the x, pF and x, pL coordinates (see Fig. 2, b and c).
As shown in Fig. 2, a, the requirement that y(x)
should monotonously increase is equivalent to si-
multaneously satisfying the requirements that pF (x)
(Fig. 2, b) monotonously increase and pL(x) (Fig. 2, c)
monotonously decrease, which, in turn, is equivalent to
the requirement that the conditions
∂x
∂ pF
> 0,
∂x
∂ pL
< 0
should be satisfied over the entire domain of the functions
(7).
Fig. 3 shows plots of the – (3) functions for the GPU.
Eq. (5), unlike the others, does not satisfy the mono-
tonicity requirement. Eq. (3) is simpler but less accurate.Eq. (4) is more complicated to ensure monotonicity but
for Eq. (6) the monotonicity may also be achieved by
introducing a fictitious point at the curve start.
Eq. (6), therefore, appears to be the most acceptable
one both in complexity and in accuracy.
Notice that only the end formulae listed in Table 2
are applicable for finding xki by the given pressures in
functions –(3) .
5. A modified method of nodal pressures
The traditional calculation pattern for the contour
flow-rate method ensures a more rapid convergence than
that of the nodal pressures method. However, for the
functional form (7), it is difficult to exclude the nodal
pressures when reducing the system of equations to con-
tour flow rates. Special procedures [13, 14] are used for
gas pipelines; they involve, in particular, solving systems
of linearized equations relative to corrections to both the
unknown pressures and contour flow rates, and are, for
this reason, less efficient that the standard contour flow-
rate method [12].
Here we describe a new modified nodal pressure
method (MPM) that generalizes the PM for the case of
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Table 2
Analytical form of the functions for finding x by the given pF, pL..
Function used Formula for x(pF , pL )
√|a| · sign(a), where a = β0 pF |pF |−pL |pL |
β2
.
(1)
√
| a
β2
| · sign( a
β2
) + b,
where a = (β0 + β
2
1
4β2
)pF |pF | − pL |pL |, b = β12β2 pF .
(3) (−b − √|D| · sign(D))/2a,
where a = −β2, b = −β1|pF |, c = β0 pF |pF | − pL |pL |, D = b2 − 4ac.the functional form (7). Same as the PM, it guarantees
that the solution is searched only in the space of nodal
pressures and is based on the following modification of
the original flow distribution model (1):
Ax = Q, pF = ATF P, pL = −ATL P,
ϕ(pF , pL, x) = 0, (8)
where AF , AL are the [(m − 1) × n] incidence matrices
separately fixing the start and end branch nodes so that
AF + AL = A; ϕ(pF , pL, x) is the vector function with
the elements ϕi(pF,i, pL,i, xi), i = 1, n, representing ar-
bitrary flow laws including the pressure-dependent ones.
Let us have, for the kth iteration, a certain value Pk
to which values pkF = ATF Pk , pkL = −ATL Pk may be as-
signed, as well as a value xk that satisfies the equation
ϕ(pkF , p
k
L, x
k ) = 0.
Linearizing the equations (8) gives
Axk = −uk1, (9)
pkF = ATFPk, pkL = −ATL Pk, (10)
ϕ′PFp
k
F + ϕ′PLpkL + ϕ′xxk = 0. (11)
where
uk1 = Axk − Q; ϕ′PF =
∂ϕ
∂ pF
; ϕ′PL =
∂ϕ
∂ pL
; ϕ′x =
∂ϕ
∂x
are the diagonal matrices of nth order partial derivatives.
Let us express xk from Eq. (11):
−xk = −(ϕ′x )−1(ϕ′PFpkF + ϕ′PLpkL ).
Taking into account the relations (10), we obtain:
xk = −(ϕ′x )−1(ϕ′PF ATF − ϕ′PLATL )Pk . (12)
Substituting Eq (12). into the equality (9) produces
the following expression:
A(ϕ′x )
−1(ϕ′PF A
T
F − ϕ′PLATL )Pk = uk1. (13)
According to the rules of implicit function differenti-
ation,
(x′PF )i =
∂xi
(∂ pF )i
= −
(
∂ϕi
∂xi
)−1
∂ϕi
(∂ pF )i
;(x′PF )i =
∂xi
(∂ pL )i
= −
(
∂ϕi
∂xi
)−1
∂ϕi
(∂ pL )i
, i = 1, n.
Therefore,
x′PF = −(ϕ′x )−1ϕ′PF ; x′PL = −(ϕ′x )−1ϕ′PL
are the diagonal matrices of the corresponding nth order
partial derivatives.
Then the system (13) may be represented as
M˜Pk = −uk1,
where M˜ = Ax′PF ATF − Ax′PLATL is the modified Maxwell
matrix.
Let us denote
ηi = (x′PF )i, κi = −(x′PL )i, i = 1, n.
Then the diagonal elements M˜ are found from the
relation
M˜ j j =
∑
i∈I−j
ηi +
∑
i∈I+j
κi,
where I−j (I+j ) is the set of branches outgoing from or
incoming to the node j.
Off-diagonal elements of M˜ will be determined by
the following conditions:
if nodes j and t are connected by a single branch i,
then M˜ jt = −κi, when node t is the end for branch
i; M˜ jt = −ηi, when node t is the start for branch i;
if nodes j and t are not connected, then M˜ jt = 0;
if nodes j and t are connected by parallel branches
forming the set I jt , then
M˜ jt = −
∑
i∈I jt
ηi −
∑
i∈I jt
κi.
when the conditions
(x′PF )i > 0, (x′PL )i < 0, i = 1, n
following from the above-formulated requirements for
the monotonicity of functions
ϕ(pF,i, pL,i, xi), i = 1, n,
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Table 3
Steps in one iteration for the algorithms of the unmodified and modified nodal pressure methods.
№ Step Formula by the algorithm
Unmodified Modified
1 An approximation to the solution by pressures P¯k is given – –
2 Calculating the flow rate vector (xk ) from the formula A¯T P¯k − f (xk ) = 0 ϕ(Pk, xk ) = 0
3 Calculating the residual vector uk1 = Axk − Q, if ‖uk1‖ < σ , then the calculation is complete.
4 Calculating the step direction A( f ′x )−1AT Pk = −uk1 [Ax′PF kATF − Ax′PLkATL ]Pk = −uk1
5 Calculating a new approximation Pk+1 = Pk + Pk Pk+1 = Pk + δkPk
Notation: σ is a given accuracy of maintaining flow rate imbalances in the nodes.
Table 4
Examples of the function ϕ and its derivatives.
Variant of the function ϕ ∂ϕ
∂ pF
∂ϕ
∂ pL
∂ϕ
∂x
Conventional type of closing relations
pF − pL − sx|x| + Y 1 –1 −2s|x|
Flow-rate-implicit type
pF − pL − s(x)x|x| 1 –1 −(2s + s′xx)|x|
|pF |pF − |pL |pL − s(x)x|x| 2|pF | −2|pL | −(2s + s′xx)|x|
Pressure-dependent type (for a GPU)
Formula 2β0|pF | −2|pF | −2β2|x|
Formula (1) 2|pF |(β0 + β
2
1
4β2
) − β1|x − β1 pF2β2 | −2|pF | −2β2|x −
β1 pF
2β2
|
Formula (3) 2β0|pF | − β1x −2|pF | −β1|pF | − 2β2|x|
index omitted.are met, we obtain the inequalities
ηi > 0, κi > 0, i = 1, n.
Therefore, M˜ jt > 0 for j = t and M˜ jt ≤ 0 for j = t
for all j, t = 1, m − 1.
In addition, Mj j ≥
m−1∑
t=1,t = j
|Mjt |, j = 1, m − 1,where
the strict inequality takes places when node j (or t) is
incident with the branch that has node m with the given
pressure as its other end node.
Let us also demonstrate that the introduced model (8)
and the discussed PM modification include the canonical
case of the closing relation y = f (x), when
ϕ(pF , pL, x) = pF − pL − f (x) = 0.
In this case,
ϕ′PF = En, ϕ′PL = −En,
where En is the unity matrix of order n.
Also(
ϕ′PF ATF − ϕ′PLATL
) = (EnATF + EnATL )
= ATF + ATL = AT .
Since ϕ′x = − f ′x , instead of Eq. (13) we have the
equality
A( f ′)−1AT Pk = −uk,x 1which coincides with the key formula for calculating the
step direction for the classical PM [1].
6. Algorithmization of the method
Let us compare the calculation patterns by MPM and
PM (see Table 3).
The underlined components in Table 3 are those de-
pending on the specifics of closing relations.
Thus, when the object-oriented approach is em-
ployed, the components implementing the general
method of solving the flow distribution problem address
the components responsible for element models. This
addressing allows to obtain the values of derivatives and
flow rates for the branches with specific flow laws in the
current approximation point.
Components of diagonal matrices x′PF , x′PL necessary
for calculating the MPM step direction may be obtained
from the analytical expressions for
∂ϕi
∂xi
,
∂ϕi
(∂ pF )i
,
∂ϕi
(∂ pL )i
.
Examples of such expressions for various types of
closing relations (conventional, flow-rate-implicit and
pressure-dependent) are listed in Table 4 with the branch
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Fig. 4. Scheme of the gas transport system:
the nodes are the numbered circles, the branches are the arrowed lines,
the GPUs are the arrowed circles. Fig. 5. The number of calculated conditions at which the problem is
solved in k iterations without (a) and with (b) step adjustment.
The classical PM is based on the iteration formula
Pk+1 = Pk + Pk,
that does not imply adjusting the step length. The con-
vergence process is often sawtooth-shaped and does not
always allow finding the solution in an acceptable num-
ber of iterations.
To remove this difficulty, we analyzed the methods of
adjusting the step length δk in the relation
Pk+1 = Pk + δkPk .
For the case of a strictly convex residual function
||uk(δk )||22 using the step length defined as
δ = ∥∥uk−1∥∥22(∥∥uk−1∥∥22 + ∥∥uk(1)∥∥22)−1,
where ‖uk‖22 is the squared Euclidean norm of the resid-
ual vector, proved effective.
Generally, using the golden section method appeared
to be more reliable for finding the step length.
7. Numerical studies
The MPM was tested for a gas transport system [12]
(Fig. 4) consisting of 9 nodes, 4 GPUs and 6 passive
branches (pipelines). All GPUs are described by the re-
lation (4), and the pipelines by the relations
|pF |pF − |pL|pL = sx|x|.
Bleed-offs (106 m3/day) in the nodal points:
Q1=19.1; Q4=14.8; Q5=0.632; Q6=0.32. Fixed pres-
sure P9 = 33.778 atm.
Coefficients si for pipelines:
s1 = 0.349; s2 = 1.332; s4 = 0.436;
s5 = 4.757; s6 = 0.253; s10 = 0.006.
Let us denote βi = {β0,i, β1,i, β2,i}. Then in this ex-
ample for the GPU:
β3 = {1.040975262; 0.4520492230; 0.1660378943};
β7 = {1.049124727; 0.3668417249; 0.1867004063};β8 = {1.056105913; 0.4352722015; 0.2396158372};
β9 = {1.040975262; 0.4520492230; 0.1660378943}.
Initial pressure approximations were produced by a
generator of random uniformly distributed numbers in
the 0–100 range. 100 such generations were carried out,
and the proposed algorithm was applied to each of them.
The accuracy of the solution was checked by the condi-
tions∥∥uk∥∥ < 0.01 and ∥∥Pk∥∥ < 0.01.
Fig. 5 shows the results of this test as a percentage of
calculations in which the problem was solved in a given
number of iterations k. As a result of the calculations we
obtained the flow rates
x = {19.1; 21.6; 10.8; 14.8; 12.93; 13.25;
× 13.25; 13.25; 10.8; 2.5}
and the pressures
P = {31.55; 33.51; 41.76; 32.05; 33.50;
43.80; 44.30; 38.77}.
The numerical studies we carried out in a wide range
of initial approximations proved that the MPM converges
in all cases. Calculating the optimal step length allows
to drastically (by 4–5 times) reduce the average number
of iterations (down to 7 ± 1) (see Fig. 5, b). This result
is comparable in data to the convergence of the con-
ventional methods of calculating flow distribution for
classical closing relations.
8. Summary
We have formulated the problem of unifying the
methods of hydraulic circuit theory using the existing
information and computing technologies to simulate the
steady isothermal flow patterns of pipeline and hydraulic
systems of various types and purposes. We suggested two
interconnected approaches to solving this problem:
128 E.M. Mikhailovsky, N.N. Novitsky /St. Petersburg Polytechnical University Journal: Physics and Mathematics 1 (2015) 120–128(1) adopting the concept of object-oriented modeling
of pipeline systems that ensures the calculation
methods are not dependent on the specifics of the
laws of fluid flow through the individual system
elements;
(2) developing new methods of calculating the flow
distribution for any flow laws.
We have highlighted the main types of relations
for the laws of steady isothermal fluid flow through
the individual elements of hydraulic circuits, including
the traditional, the flow-rate-implicit, and the pressure-
dependent. Formal applicability conditions were intro-
duced for the non-traditional relations, guaranteeing that
the flow distribution problem has a single solution.
We have proposed a new modified nodal pressure
method that is suitable for any types of closing relations,
requires less computational costs compared to the com-
monly used double-loop iteration procedure, and may
serve as a basis for object-oriented modeling of hydraulic
circuits.
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